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The density functional theory (DFT) is one of the most successful approaches to calculate the ground-state properties of the quantum many-body problems, such as atoms, molecules, solids [1] [2] [3] [4] , and nuclear systems [5, 6] . Since for the same level of accuracy, the numerical cost of DFT is much less than those of other quantum manybody methods [7] , the DFT is applicable to larger-scale calculations [8] [9] [10] . Furthermore, in principle, the DFT gives the exact ground-state density ρ gs and energy E gs :
(1) where T 0 is the Kohn-Sham (KS) kinetic energy, v ext is the external field, and E H [ρ] and E xc [ρ] are the Hartree and exchange-correlation energy density functionals (EDFs), respectively [1, 2] . However, in practice, the accuracy of the DFT calculation depends on the accuracy of the approximations for E xc [ρ] , as it is unknown.
In electron systems, many approximations for E xc [ρ] have been proposed from the first principle, i.e., nonempirically. The widely used ones are the local density approximation (LDA) [11] [12] [13] [14] and generalized gradient approximation (GGA) [15] [16] [17] [18] . In the LDA, E xc [ρ] is approximated as a functional of local density ρ (r), whereas in the GGA, E xc [ρ] is approximated as a functional of ρ (r) and its gradient |∇ρ (r)|. Approximations beyond the GGA have also been discussed [19] . Even in the GGA, E xc [ρ] is constructed based on the LDA one. Thus, the exchange interaction is not fully included, and hence localized systems like d-electron systems are sometimes unfavorable. In order to avoid these problems, phenomenological methods, such as the LDA + U [20] [21] [22] , LDA+DMFT [23] , exact-exchange [24, 25] methods, and hybrid functionals [26] [27] [28] [29] have been proposed. Functionals with the long-range correction due to the van der Waals interaction [30] and semi-empirical functionals [31, 32] have also been discussed for a long time.
In contrast, in nuclear systems, the exact form of the interaction in the vacuum between nucleons is still under discussion [33] [34] [35] [36] [37] [38] [39] . Even if the exact form of the interaction in the vacuum was known, the nuclear interaction in the medium is different due to its highly non-perturbative property [40, 41] . Therefore, it is still difficult to derive the Hartree-exchange-correlation EDF
from the first principle, although the Hartree-Fock calculation from the interaction in the vacuum has been discussed for a long time [42] [43] [44] [45] [46] . Thus, E Hxc [ρ] for the nuclear interaction is treated phenomenologically [47] [48] [49] [50] , with fitting parameters to the experimental data [5] . Since the fitting parameters are usually determined from the experimental data of several stable nuclei, different parameter sets can give totally different results for the exotic nuclei [51] . Comparisons between parameter sets are still being discussed [52, 53] .
Hence, the derivation of accurate EDFs is one of the most important topics for the fundamental DFT both in electron and nuclear systems. Recently, a new microscopic way to derive EDFs based on the functional renormalization group was suggested [54] [55] [56] [57] , while it is not ready for realistic systems yet. Phenomenologically or empirically, even though the ways to derive EDFs have been discussed, there are still big debates on this topic, see e.g. [58, 59] .
As an alternative way to improve EDFs, the inverse approach of DFT, the so-called inverse Kohn-Sham (IKS) method, was proposed [60, 61] . In the IKS, the KS potential v KS (r) is calculated from the given ground-state density ρ gs (r), so that the information such as the singleparticle energies ε i is expected to be valuable for improving the accuracy of EDFs [62] [63] [64] . Although with such an expectation, the actual way for using IKS has not been pointed out explicitly, only the improvement of the numerical methods of IKS has been discussed [65] .
In order to attack this open question, a new strategy based on the density functional perturbation theory (DFPT), the so-called IKS-DFPT, will be shown in this paper. The DFPT was originally developed for the calculations of phonon and response properties from the first principle [66] [67] [68] [69] . This is because properties of solids are determined from phonons as well as electrons [70] , but the original DFT is applicable only for the electron structure. In the DFPT, displacement of the external field v ext caused by displacement of the nuclei or external electric field is treated by combination of the perturbation and linear response theories [69] . In principle, each order of the DFPT can be handled [71] , and so far the DFPT up to the third order has been discussed [68] .
In this Letter, for the first time, the way to improve EDFs from the IKS, the IKS-DFPT, is proposed by the combination with the DFPT. In the IKS-DFPT, the DFPT is used as the perturbation for the E Hxc [ρ] instead of v ext , and the perturbed term is the deviation of the conventional EDFẼ Hxc [ρ] to the exact EDF E Hxc [ρ] . As benchmark calculations, we verify this method by reproducing both the LDA exchange functional [11] and the LDA correlation functional [13] . The iteration of IKS-DFPT is also discussed.
In the DFT, the ground-state density ρ gs (r) and energy E gs of an N -particle system are obtained by solving the self-consistent KS equation
where m is the mass of particles, ψ i (r) and ε i are the single-particle orbitals and energies, respectively, and
Here, v KS (r) is the KS effective potential defined as
So as to improve a conventional Hartree-exchange-
is assumed to be close enough to the exact one, E exact Hxc [ρ]. We consider the effect of the difference between them in the first-order perturbation theory, as
with a small parameter λ. Then, the exact orbitals ψ exact i
(r) and ground-state density ρ exact gs (r) and energy E exact gs are also expanded perturbatively: 
Finally, the Hartree-exchange-correlation functional in the IKS-DFPT in the first-order, i.e., the IKS-DFPT1, is derived as
Because Eq. (8) is a functional equation, it is difficult to be solved directly. In this work, we assume
with the values of A and α to be determined, and then we get 
Moreover, we also consider the iteration of the IKS-DFPT1. At the n-th step of the iteration, the Hartreeexchange-correlation functional calculated in the IKS-DFPT1, E Hxc [ρ] in Eq. (8) , is defined as
andẼ
In calculations, the Hartree atomic unit is used. The ADPACK code [72] is used for the DFT calculations of the isolated atoms. Hereafter, λA n is denoted by A n .
We calculate two cases: 1)Ẽ 
In both cases, the external field v exact ext (r) =ṽ ext (r) is the Coulomb interaction between the nucleus and electron.
First, let us consider the first case, i.e., the calculations with Eqs. (12a) and (12b). In Tables I and II, the coefficients A n and α n and the ground-state energies E n gs calculated in n-th iteration are shown for the pairs of atoms He-Ne and Xe-Rn, respectively. It is found that for the pairs of He-Ne and Xe-Rn with dashed and dot lines, respectively, while the exact one is shown with a solid line. Here, the energy density ε i (ρ) and the WignerSeitz radius r s are defined as
1/3 , respectively. The pair of Xe-Rn reproduces the exact functional within a few percents in the range of 0.01 a.u. ≤ r s ≤ 100 a.u., which is generally better than the pair of He-Ne. Since the polynomial form of the functional in Eq. (9) is more sensitive to the high-density region, better reproduction in the high-density region leads to better reproduction of the coefficients.
For the iterations, it is found in Tables I and II for Rn are shown as a functions of r in Fig. 2 with dot-dashed, dashed, dot, and solid lines, respectively. The ratio of calculated Wigner-Seitz radius to the exact one, r n s /r exact s , for each step is also shown in the insert of Fig. 2 . It is found that the ground-state density at the first step is already much improved, and it is even further improved as the iteration proceeds further. This indicates the iteration also helps the improvement of the ground-state density.
Next, let us consider the second case, i.e., the calculations with Eqs. (13a) and (13b). In Tables III and IV the coefficients A n and α n and the ground-state energies E n gs calculated in n-th iteration are shown for the pairs of atoms He-Ne and Xe-Rn, respectively. It is found that the ground-state energies are already reproduced well at the first step. Here, for the pair of Xe-Rn, the convergence reaches. For the pair of He-Ne, the ground-state energies are further improved slightly as the iteration proceeds further. The ground-state energies of He, Ne, Xe, and Rn are finally reproduced within 0.07 %, 0.0009 %, 0.0005 %, and 0.0001 % error, respectively, comparing with 4 %, 0.6 %, 0.07 %, and 0.04 % errors at the zeroth step, E In order to compare the calculated correlation functionals and the exact one, the correlation energy density calculated in the first iteration ε 1 c (r s ) is shown as a function of r s in Fig. 3 for the pairs of He-Ne and Xe-Rn with dashed and dot lines, respectively, while the exact one is shown with a solid line. The non-polynomial PZ81 functional is reproduced better in the lower-density region from the pair of He-Ne, and in the higher-density region from the pair of Xe-Rn, since heavier atoms have higher-density region than lighter atoms. The Wigner-Seitz radii r , for each step is also shown in the insert of Fig. 4 . It is found that the ground-state density at the first step is already much improved.
Comparing with the above two cases, in the first case, the difference betweenẼ 0 Hxc [ρ] and E exact Hxc [ρ] is larger, and thus more iteration steps are required, or we should consider the IKS with the second-order DFPT. Nevertheless, as the LDA exchange functional is polynomial, the energy density ε x is reproduced well in wide-density range. In the second case, the difference betweenẼ [ρ] is smaller, and thus the IKS-DFPT1 is enough to reproduce the ground-state energy and density. However, as the PZ81 functional is non-polynomial, the energy density ε c is not reproduced well in wide-density range within the present polynomial ansatz. We should go beyond the polynomial ansatz in the future.
In summary, the way to improve conventional EDFs based on the combination of the IKS and the DFPT is proposed. As benchmark calculations, we test whether the LDA exchange and correlation functionals can be reproduced in this novel scheme IKS-DFPT1. It is found that with the present polynomial ansatz the polynomial functional can be well reproduced, while the nonpolynomial one can be reproduced in the crucial density region. By improving the exchange and correlation functionals, the accuracy of the ground-state energies is improved by two to three orders of magnitude, and the accuracy of the ground-state densities is also improved one to two orders of magnitude. As perspectives, the second-order IKS-DFPT and beyond polynomial ansatz are interesting topics. It is also important to include the spin and isospin degrees of freedom for applications of spin-polarized electron systems or nuclear systems.
